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WORKING CHARTS FOR THE STRESS ANALYSIS OF ELLIPTIC RII?GS

By Walter F. Burke

SUMMARY

This report presents charts which reduce the stress
analysis of circular and elliptic rings of uniform cross
section subjected to balanced systems of concentrated
loads from a statically indeterminate problem to a stati+
tally determinate one. The charts are constructed for two
simple loading conditions ~nto which most of the loading
conditions encountered in the design of the main frames of
a monocoque fuselage may be resolved.

The theoretical calculations required for the con-
struction of the c-harts enployed t-he l~minimum ener~y met&=
odlt but are omitted in the report~

T.o demonstrate the use of the charts in the stress
analysis of elliptic rings an “illustrative problem is in-
cluded.

INTRODUCTION

The design of main francs for monocoque fuselazes has
been discussed by”Roy A. Uiller in reference 1, where ho
also developed equations for tile she~.r, thrust, and uoment
in a circular ring of uniform cross seotion subjected to
%alauced systems of concentrated loads, symmetrical wits
respect to a diameter. As the monocoque fuselage is per-
haps more oftea elltptlcal thaa oircular in section, the
author has extend~d the solutions given in reference 1 to
include the elz~ptic ring of uniform cross section subject-
ed to balanced systems of concentrated loads symmetrical
with respect to the major axis.

From structural theory ana tiimensio~al reasoning it,
developed that for any loading condition the shear$, t2-rust$
and moment at any point in a ring co-~ld be reduced to coe-
fficient form aad presented conveniently in c-aarts, an?.
that with a series of these charts the stress analysts of “
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the ring is reduced from a Statically indeterminate prob-
lem to a statically determinate one. The o%ject of this
report is to present a group of these charts for cir~ular
and elliptic rings which will be useful in the stress anal-
ysis of the main frames in moti-o-c”oqu-Ofuselages.

The calculations required to evaluate the coefficients
plotted in the charts employod the ~minimum energy methodll
and were made during a study of IiElliptic Integrals!! under
Mr. D. K. Kazarinoff at the University of Michigan, whose
valuable assistance and suggestions are gratefully acknowl-
edged. Because the calculations were long and contained “
nothing new ‘in,principle~ they have been omitted in tha
report. However, all the calculations were checked in de-
tail by the National Advisory Committee for Aeronautics,
so that the published charts may be “considered. accurate
within tQe limits of the usual assumptions in structural
theory, -r
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To demonstrate the use of the charts in the stress
analysis of elliptie rings subjected to balanced systems

_.

of concentrated loads sy-mmetrical with res~ect to the ma-
jor axie of the ellipse, an illustrative problem 3s i.n-
cludedi

. . .

— CHARTS -. .--.

From structural theory and dimensional reasoning, i$
follows that the shear, thrust, and moment, respectively,
at any point ip a ring subjected to any system of exter- .

nal loads may be given by the following equations:

M = Ktta~ (3)

where a is a dimension of the ring, K, K;, and ill are
constants depending upon the shape of the ring and the
distribution or position of the loads, and 1? is the l“oad
on the ring, For a circular or elliptic ring subjected to
concentrated loads W, balanced and symmetrical as shown
in I’iggre 1, K is zero at the “ends of the axis of sym-
metry, The values of K! and K II at one end of the axis
of symmetry are given in I’igures .2$ 3, 4i and 5 for the
two cases shows in Figure 1, These figures are self-.ex-
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planatory and rgquire no comment except that in these
charts the po’si.tion of the loads, W, is given by @ ,
values of which are plotted. against 0 for the various
a~b ratios in Figu~r,e6.* ,,.

LIMITATIOIT 03’ THE CHARTS

,,-
The charts are deri~ed for thin rings, rings in %hich

the dimensions of the cross section are small as compared
to the dimensions of the ellipse, but not so small that
deformation under load becomes appreciable and chang~s in
curvature cannot be closely,approximated by the second de-
rivative. Consequently, the charts must be considered as
approximate only. For rings of the proportions usually
encountered in the design of main frames for monocoque fu-
selages the approximation should be close..,

..,..,

ILLUSTRATIVE PROBLEM

I-b;

.

Given: An ellipttc ring”
a = 25 inghes; b = 14.’7
inches;

‘E
= 1.70 loaded

as shown.

Required.: To find the skea;,
thrust, and moment (Vd, P~,

and Md) at the ends of the

minor axis.

Solution: The procedure re-
quire% is to separate the
loads into a serfes of sin-
ple cases, A and B, for
which the charts are con-
structed. The shear, thrust,
and moment are then calcu-
?.atie~for each of these sim-
ple cases and added algebra-
ica3.ly. For this problem
three simple cases are re-
quired as. follows:

-,.
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‘ Vd = 99 pounds ..
.

pa = O pOUnd
. . .. ...

~d=~o+p=z,oo~(b -
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2000Vlb. L; 2000 l-b.

Case2,, .
,.

From Figure 6 ..—.

.

—.—

l’rom Figure 2 .

P. = 0.0%6 X 2,000 = 192
“pO“U:la s ;

. —.
.,

#-
. ..

l?roieFigu:r@.3 . .,”
,.

M* = 0.029 X .25‘X 2“,000 =
1,450 pound-inches
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Then:

By inspection

Vd 5s -192 pounds

pa = 2,000 pounds

kid= G + %: ; :;:O: $:2-X
b Cos @ )
25 - 2,000 (li.7 - 14.7 x
0,697) = -2,650 pound?
inches
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Case 3

From Figure 6

@ = 45.8°

From Figure 4

P. = -0.92 x 2,000 = ~1,840
pounds

From Figure 5

M. = 0.i68hX 25 k 2,000 =
8,400 pound-inches

Then:

By inspection

‘d = -(-1,840) - 2,000 =
-160 pounds

Pd = O pound
.

b!d= M. +20a + 2,000 (a sin
@ ) = 8,400 - 1,840 X 25
+ 2,000 (25 X 0.’71’7)=
-1,760 pound-inches
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Therefore the shear, thrust, and moment at the ends of
the minor axis for the assumed problem are:

Case 1 Case 2 Case 3 g,o.tal .——-- ———— —-

~d =- (5’9) + (-192) + (-160) = -253 pounds

pd = (o) + (2,000) + (o) = 2,000 pounds

}~d= (-1,490)+(-2,650) + (-1,760) = -5,900 pound-inches —

*

—

In a similar manner the shear, thrust, and moment can
be calculated at any point in the ring, By making a series - --
of such calculations for a number of points, the maximum
stress in the rinfl may be determined.

University of Michigan,

Afin Arbor, Nich., Decefiiber 8, 1932.

1. Miller, Roy A.: A Solution of the Circular Ring.
Airway Age, May, 1931.
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Case A

Figure 1.-The two simple

ellipticringE
loading conditi~ons
are comtructeti.

*
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Case B

for which the working c?xu%s for the stress analysis of
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Fi@e 2.. !I%r-ustcoefficients for case A.
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